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Abstract
With zero fixed cost, convexity of a cost function implies super-additivity, and con-
cavity of a cost function implies sub-additivity. But converse relations do not hold.
However, in addition to the zero fixed cost condition we put the following assump-
tion.
(1) If a cost function is convex in some interval, it is convex throughout the domain.
(2) If a cost function is concave in some interval, it is concave throughout the do-
main.
Then, super-additivity implies convexity and sub-additivity implies concavity. Sub-
sequently, super-additivity and convexity are equivalent, and sub-additivity and con-
cavity are equivalent.
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1 Introduction
Convexity and concavity are important properties for cost functions of firms. Also super-
additivity and sub-additivity are other important properties for them. A cost function 𝑐(𝑥)
is convex when it satisfies
𝑐(𝜆𝑥 + (1 − 𝜆)𝑦) ≤ 𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(𝑦) for 0 ≤ 𝜆 ≤ 1, 𝑥 ≥ 0, 𝑦 ≥ 0.
It is concave when it satisfies
𝑐(𝜆𝑥 + (1 − 𝜆)𝑦) ≥ 𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(𝑦) for 0 ≤ 𝜆 ≤ 1, 𝑥 ≥ 0, 𝑦 ≥ 0.
It is super-additive if it satisfies
𝑐(𝑥 + 𝑦) ≥ 𝑐(𝑥) + 𝑐(𝑦), for 𝑥 ≥ 0, 𝑦 ≥ 0.
It is sub-additive if it satisfies
𝑐(𝑥 + 𝑦) ≤ 𝑐(𝑥) + 𝑐(𝑦), for 𝑥 ≥ 0, 𝑦 ≥ 0.
It is well known that with zero fixed cost, that is, 𝑐(0) = 0, convexity implies super-
additivity, and concavity implies sub-additivity. But converse relations do not hold. See
Bruckner and Ostrow (1962) and Sen and Stamatopoulos (2016). Referring to Bourin
and Hiai (2015), Sen and Stamatopoulos (2016) pointed out that the following function
is super-additive but it is not convex.
𝑥𝑒−
1
𝑥2 , 𝑥 ≥ 0.
However, if, in addition to the zero fixed cost condition, we put the following assump-
tion, we can show that super-additivity implies convexity, and sub-additivity implies con-
cavity.
Assumption 1. (1) If a cost function is convex in some interval, it is convex throughout
the domain.
(2) If a cost function is concave in some interval, it is concave throughout the domain.
Then, super-additivity and convexity are equivalent, and sub-additivity and concavity
are equivalent.
Assumption 1 excludes a case where a cost function is strictly convex in some interval
and strictly concave in another interval. Above mentioned 𝑥𝑒−
1
𝑥2 is such a function.
We assume that a cost function, 𝑐(𝑥), is positive for positive 𝑥, increasing and continu-
ous.
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2 Main results
We show the following theorems.
Theorem 1. (1) If there is no fixed cost, convexity of a cost function implies its super-
additivity.
(2) If there is no fixed cost, concavity of a cost function implies its sub-additivity.
Proof. (1) Convexity⇒ super-additivity:
For 0 ≤ 𝜆 ≤ 1 and 𝑥 ≥ 0 convexity implies
𝑐(𝜆𝑥 + (1 − 𝜆) ⋅ 0) ≤ 𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(0) = 𝜆𝑐(𝑥).
Thus,
𝑐(𝜆𝑥) ≤ 𝜆𝑐(𝑥).
Then, for 𝑥 > 0 and 𝑦 ≥ 0
𝑐(𝑥) + 𝑐(𝑦) =𝑐 ( 𝑥𝑥 + 𝑦(𝑥 + 𝑦)) + 𝑐 (
𝑦
𝑥 + 𝑦(𝑥 + 𝑦))
≤ 𝑥𝑥 + 𝑦𝑐(𝑥 + 𝑦) +
𝑦
𝑥 + 𝑦𝑐(𝑥 + 𝑦) = 𝑐(𝑥 + 𝑦).
(2) Concavity⇒ sub-additivity:
For 0 ≤ 𝜆 ≤ 1 and 𝑥 ≥ 0 concavity implies
𝑐(𝜆𝑥 + (1 − 𝜆) ⋅ 0) ≥ 𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(0) = 𝜆𝑐(𝑥).
Thus,
𝑐(𝜆𝑥) ≥ 𝜆𝑐(𝑥).
Then, for 𝑥 > 0 and 𝑦 ≥ 0
𝑐(𝑥) + 𝑐(𝑦) =𝑐 ( 𝑥𝑥 + 𝑦(𝑥 + 𝑦)) + 𝑐 (
𝑦
𝑥 + 𝑦(𝑥 + 𝑦))
≥ 𝑥𝑥 + 𝑦𝑐(𝑥 + 𝑦) +
𝑦
𝑥 + 𝑦𝑐(𝑥 + 𝑦) = 𝑐(𝑥 + 𝑦).
Theorem 2. Suppose that a cost function satisfies Assumption 1, and there is no fixed cost.
(1) Super-additivity of a cost function implies convexity.
(2) Sub-additivity of a cost function implies concavity.
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Proof. (1) Super-additivity⇒ convexity:
Let 𝑥 > 0. By super-additivity, for any 0 ≤ 𝜆 ≤ 1,
𝑐(𝑥) ≥ 𝑐(𝜆𝑥) + 𝑐((1 − 𝜆)𝑥).
This implies, for any 0 ≤ 𝜆 ≤ 1,
𝑐(𝑥) ≥ 𝑐(𝜆𝑥 + (1 − 𝜆) ⋅ 0) + 𝑐(𝜆 ⋅ 0 + (1 − 𝜆)𝑥). (1)
By the zero fixed cost condition, for any 0 ≤ 𝜆 ≤ 1,
𝑐(𝑥) = 𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(0) + 𝜆𝑐(0) + (1 − 𝜆)𝑐(𝑥). (2)
(1) and (2) imply that, for any 0 ≤ 𝜆 ≤ 1,
𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(0) ≥ 𝑐(𝜆𝑥 + (1 − 𝜆) ⋅ 0), (3a)
or
𝜆𝑐(0) + (1 − 𝜆)𝑐(𝑥) ≥ 𝑐(𝜆 ⋅ 0 + (1 − 𝜆)𝑥) (3b)
holds. Suppose that for some 𝑥 and some 0 < 𝜆 < 1, (3a) does not hold, that is,
𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(0) < 𝑐(𝜆𝑥 + (1 − 𝜆) ⋅ 0). (4a)
Then, (3b) must hold with strict inequality, that is,
𝜆𝑐(0) + (1 − 𝜆)𝑐(𝑥) > 𝑐(𝜆 ⋅ 0 + (1 − 𝜆)𝑥). (4b)
(4a) means that 𝑐(𝑥) can not be convex (nor linear) throughout [0, 𝑥]. Similarly, (4b)
means that 𝑐(𝑥) can not be concave (nor linear) throughout [0, 𝑥]. It contradicts to
Assumption 1.
If 𝑐(𝑥) is not differentiable at, for example, 𝑦, it may be not concave nor
convex (nor linear) in an interval including 𝑦. However, if we exclude a
pathological function which is continuous everywhere but differentiable
nowhere, any function is concave or convex in some interval. Then, by
Assumption 1 it is concave or convex throughout the domain.
Therefore, both (3a) and (3b) must hold for any 𝑥 > 0 and any 0 ≤ 𝜆 ≤ 1. Alter-
natively, we can prove the same result assuming that (3b) instead of (3a) does not
hold.
Let 𝑦 = 𝛼𝑥 for 𝑥 > 0 and 0 < 𝛼 < 1. Assume that for some 0 < 𝜆 < 1,
𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(𝑦) < 𝑐(𝜆𝑥 + (1 − 𝜆)𝑦). (5)
Let
𝑧 = 𝜆𝑥 + (1 − 𝜆)𝑦 = [𝜆 + (1 − 𝜆)𝛼]𝑥.
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By (3a)
𝛼𝑐(𝑥) ≥ 𝑐(𝛼𝑥) = 𝑐(𝑦).
Then, from (5)
(𝜆𝛼 + 1 − 𝜆) 𝑐(𝑦) < 𝑐(𝑧).
This means
𝑐(𝑦) < 𝛽𝑐(𝑧) + (1 − 𝛽)𝑐(0), (6)
where
𝛽 = 𝛼𝜆 + (1 − 𝜆)𝛼 > 0 and 1 − 𝛽 =
𝜆(1 − 𝛼)
𝜆 + (1 − 𝜆)𝛼 > 0.
(5) means that 𝑐(𝑥) can not be convex (nor linear) throughout [𝑦, 𝑥]. (6) means that
𝑐(𝑥) can not be concave (nor linear) throughout [0, 𝑧]. It contradicts to Assumption
1. Therefore, for any 𝑥 > 𝑦 ≥ 0 and any 0 ≤ 𝜆 ≤ 1
𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(𝑦) ≥ 𝑐(𝜆𝑥 + (1 − 𝜆)𝑦).
Thus, 𝑐(𝑥) is convex throughout the domain.
(2) Sub-additivity⇒ concavity:
Let 𝑥 > 0. By sub-additivity, for any 0 ≤ 𝜆 ≤ 1,
𝑐(𝑥) ≤ 𝑐(𝜆𝑥) + 𝑐((1 − 𝜆)𝑥).
This implies, for any 0 ≤ 𝜆 ≤ 1,
𝑐(𝑥) ≤ 𝑐(𝜆𝑥 + (1 − 𝜆) ⋅ 0) + 𝑐(𝜆 ⋅ 0 + (1 − 𝜆)𝑥). (7)
By the zero fixed cost condition, for any 0 ≤ 𝜆 ≤ 1,
𝑐(𝑥) = 𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(0) + 𝜆𝑐(0) + (1 − 𝜆)𝑐(𝑥). (8)
(7) and (8) imply that, for any 0 ≤ 𝜆 ≤ 1,
𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(0) ≤ 𝑐(𝜆𝑥 + (1 − 𝜆) ⋅ 0), (9a)
or
𝜆𝑐(0) + (1 − 𝜆)𝑐(𝑥) ≤ 𝑐(𝜆 ⋅ 0 + (1 − 𝜆)𝑥) (9b)
holds. Suppose that for some 𝑥 and some 0 < 𝜆 < 1, (9a) does not hold, that is,
𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(0) > 𝑐(𝜆𝑥 + (1 − 𝜆) ⋅ 0). (10a)
Then, (9b) must hold with strict inequality, that is,
𝜆𝑐(0) + (1 − 𝜆)𝑐(𝑥) < 𝑐(𝜆 ⋅ 0 + (1 − 𝜆)𝑥). (10b)
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(10a) means that 𝑐(𝑥) can not be concave throughout [0, 𝑥]. Similarly, (10b) means
that 𝑐(𝑥) can not be convex throughout [0, 𝑥]. It contradicts toAssumption 1. There-
fore, both (9a) and (9b) must hold for any 𝑥 > 0 and any 0 ≤ 𝜆 ≤ 1. Alternatively,
we can prove the same result assuming that (9b) instead of (9a) does not hold.
Let 𝑦′ = 𝛼′𝑥 for 𝑥 > 0 and 0 < 𝛼′ < 1. Assume that for some 0 < 𝜆 < 1,
𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(𝑦′) > 𝑐(𝜆𝑥 + (1 − 𝜆)𝑦′). (11)
Let
𝑧′ = 𝜆𝑥 + (1 − 𝜆)𝑦′ = [𝜆 + (1 − 𝜆)𝛼′]𝑥.
By (9a)
𝛼′𝑐(𝑥) ≤ 𝑐(𝛼′𝑥) = 𝑐(𝑦′).
Then, from (11)
( 𝜆𝛼′ + 1 − 𝜆) 𝑐(𝑦
′) > 𝑐(𝑧′).
This means
𝑐(𝑦′) > 𝛽′𝑐(𝑧′) + (1 − 𝛽′)𝑐(0), (12)
where
𝛽′ = 𝛼
′
𝜆 + (1 − 𝜆)𝛼′ > 0, and 1 − 𝛽
′ = 𝜆(1 − 𝛼
′)
𝜆 + (1 − 𝜆)𝛼′ > 0.
(11) means that 𝑐(𝑥) can not be concave throughout [𝑦′, 𝑥]. (12) means that 𝑐(𝑥) can
not be convex throughout [0, 𝑧′]. It contradicts to Assumption 1. Therefore, for any
𝑥 > 𝑦′ ≥ 0 and any 0 ≤ 𝜆 ≤ 1
𝜆𝑐(𝑥) + (1 − 𝜆)𝑐(𝑦′) ≤ 𝑐(𝜆𝑥 + (1 − 𝜆)𝑦′).
Thus, 𝑐(𝑥) is concave throughout the domain.
If 𝑐(𝑥) is twice continuously differentiable, convexity of 𝑐(𝑥) is equivalent to non-negativity
of its second order derivative, that is, 𝑐″(𝑥) ≥ 0, and its concavity is equivalent to non-
positivity of its second order derivative, that is, 𝑐″(𝑥) ≤ 0. We present a proof of Theorem
2 using differentiability.
Proof of Theorem 2 with differentiability. (1) Super-additivity⇒ convexity:
Let 𝑥 > 0 and 𝑦 > 0. By super-additivity
𝑐(𝑥 + 𝑦) ≥ 𝑐(𝑥) + 𝑐(𝑦).
With the zero fixed cost condition, we have
𝑐(𝑥 + 𝑦) − 𝑐(𝑥)
𝑦 ≥
𝑐(𝑦) − 𝑐(0)
𝑦 .
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Let 𝑦 → 0,
lim
𝑦→0
𝑐(𝑥 + 𝑦) − 𝑐(𝑥)
𝑦 ≥ lim𝑦→0
𝑐(𝑦) − 𝑐(0)
𝑦 .
Thus,
𝑐′(𝑥) ≥ 𝑐′(0).
This means
𝑐′(𝑥) − 𝑐′(0)
𝑥 ≥ 0.
Let 𝑥 → 0, we obtain
𝑐″(0) = lim
𝑥→0
𝑐′(𝑥) − 𝑐′(0)
𝑥 ≥ 0.
Suppose that there exist 𝑥2 > 𝑥1 > 0 such that 𝑐′(𝑥2) < 𝑐′(𝑥1). Since 𝑐′(𝑥2) ≥ 𝑐′(0),
we have 𝑐′(𝑥1) > 𝑐′(0). Then, 𝑐(𝑥) is strictly concave in an interval within [𝑥1, 𝑥2]
and at the same time strictly convex in an interval within [0, 𝑥1]. It contradicts to
Assumption 1. Thus, 𝑐″(𝑥) ≥ 0 throughout the domain and 𝑐(𝑥) is convex.
(2) Sub-additivity⇒ concavity:
Let 𝑥 > 0 and 𝑦 > 0. By sub-additivity
𝑐(𝑥 + 𝑦) ≤ 𝑐(𝑥) + 𝑐(𝑦).
With the zero fixed cost condition, we have
𝑐(𝑥 + 𝑦) − 𝑐(𝑥)
𝑦 ≤
𝑐(𝑦) − 𝑐(0)
𝑦 .
Let 𝑦 → 0,
lim
𝑦→0
𝑐(𝑥 + 𝑦) − 𝑐(𝑥)
𝑦 ≤ lim𝑦→0
𝑐(𝑦) − 𝑐(0)
𝑦 .
Thus,
𝑐′(𝑥) ≤ 𝑐′(0).
This means
𝑐′(𝑥) − 𝑐′(0)
𝑥 ≤ 0.
Let 𝑥 → 0, we obtain
𝑐″(0) = lim
𝑥→0
𝑐′(𝑥) − 𝑐′(0)
𝑥 ≤ 0.
Suppose that there exist 𝑥′2 > 𝑥′1 > 0 such that 𝑐′(𝑥′2) > 𝑐′(𝑥′1). Since 𝑐′(𝑥′2) ≤ 𝑐′(0),
we have 𝑐′(𝑥′1) < 𝑐′(0). Then, 𝑐(𝑥) is strictly convex in an interval within [𝑥′1, 𝑥′2]
and at the same time strictly concave in an interval within [0, 𝑥′1]. It contradicts to
Assumption 1. Thus, 𝑐″(𝑥) ≤ 0 throughout the domain and 𝑐(𝑥) is concave.
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3 Concluding Remark
Weusually assume that a cost function is convex throughout the domain or concave through-
out the domain. Therefore, if there is no fixed cost, we can use interchangeably convexity
and super-additivity of a cost function, and can use interchangeably concavity and sub-
additivity of a cost function.
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